Ballistic and localized transport for the atom optics kicked rotor in
  the limit of vanishing kicking period by Sadgrove, Mark et al.
ar
X
iv
:q
ua
nt
-p
h/
05
07
25
5v
1 
 2
7 
Ju
l 2
00
5
Ballistic and localized transport for the atom optics kicked rotor in the limit of
vanishing kicking period
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We present mean energy measurements for the atom optics kicked rotor as the kicking period
tends to zero. A narrow resonance is observed marked by quadratic energy growth, in parallel with
a complete freezing of the energy absorption away from the resonance peak. Both phenomena are
explained by classical means, taking proper account of the atoms’ initial momentum distribution.
PACS numbers: 05.45.Mt, 42.50.Vk, 32.80.Qk,05.60.-k
The atom optics realization of the paradigmatic kicked
rotor (KR) [1] allows the experimental study of uniquely
quantum mechanical aspects of a fundamental, classically
nonlinear system. Dynamical localization is perhaps the
most celebrated quantum phenomenon observed in the
quantum KR [1, 2], however the phenomenon of quantum
resonance, whereby some atoms experience enhanced en-
ergy growth (quadratic in kick number) for well-defined
kicking periods, has received renewed theoretical and ex-
perimental attention of late.
The possibility for quadratic energy growth to occur
for the KR at quantum resonance has been known for
some time [3]. The first experiments to observe phenom-
ena related to quantum resonance employed the atom
optics kicked rotor (AOKR) to study the momentum dis-
tributions of ensembles of kicked rotors [4], although the
broad initial momentum distributions involved prohib-
ited the observation of quadratic mean energy growth.
Recent studies have shown that the quantum resonances,
initially thought to be extremely sensitive quantum ef-
fects, can be explained by purely classical means [5], and
that, indeed, only linear growth in mean energy is ex-
pected at quantum resonance for experiments starting
with a broad initial momentum distribution [5]. The ex-
perimental signatures of quantum resonance behaviour
prove to be robust with respect to decoherence by spon-
taneous emission [5, 6], amplitude noise [7, 8], and also
to large perturbations of the kicking strength [9]. These
counterintuitive findings make the quantum resonances
a potential source for creating directed fast atoms, e.g.
for the study of quantum random walks [10]. However,
even for narrow initial atomic momentum distributions
(i.e. those with standard deviation σp < two-photon re-
coils), true ballistic mean energy growth has only been
observed convincingly for up to two kicks [11].
In this letter, we present the first signatures of true
ballistic peaks in the mean energy of a kicked atomic en-
semble, with a relatively broad initial momentum distri-
bution, but for an essentially classical regime. Our seem-
ingly counterintuitive experimental results are explained
by the same technique as used to classically describe the
structure of the quantum resonance peaks of the AOKR
[5]. Additionally, we observe a regime in which an un-
expected dynamical freezing effect occurs, which corre-
sponds to atoms ceasing to absorb energy from the kicks.
The close proximity, in terms of pulse period, of the
regimes of ballistic and frozen energy growth promises
to allow fine control of atomic velocities.
We realize the AOKR by subjecting cold Cesium atoms
to a far detuned standing wave with spatial period π/kL
(kL being the wave number of the kicking laser) and
pulsed with period T . Our system is described, in di-
mensionless units, by the Hamiltonian [14]
H(t′) = p
2
2
+ k cos(x)
N∑
t=0
δ(t′ − tτ) , (1)
where p is the atomic momentum in units of 2~kL (i.e.
of two–photon recoils), x is the atomic position divided
by 2kL, t
′ is time and t is an integer which counts
the kicks. Experimentally, we approximate δ–kicks by
pulses of width τp which are approximately rectangular
in shape. We also define an effective Planck’s constant
τ = 8ωrT , where ωr is the recoil frequency (associated
with the energy change of a Caesium atom after emission
of a photon with kL = 7.37× 106m−1). The dimension-
less parameter k is the kicking strength of the system. By
exploiting the spatial periodicity of the Hamiltonian, we
can use Bloch’s theorem to reduce the atomic dynamics
along the x axis to that of a rotor on a circle, as described
in [5]. Then, the one-kick propagator for a given atom is
Uˆβ = e−ik cos(θˆ) e−iτ(Nˆ+β)2/2, (2)
where θ = xmod(2π), Nˆ = −id/dθ, and β is the quasi-
momentum (i.e., the non-integer part of p). To examine
the limit as τ → 0, we can use the classical version of
the mapping induced by the Hamiltonian (1). We define
J = τp and find
Jt+1 = Jt + k˜ sin(θt+1) , θt+1 = θt + Jt , (3)
where k˜ ≡ τk is the classical stochasticity parameter of
the standard map [12]. (3) implicitly contains the dif-
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FIG. 1: The function G vs. x = t(kτ )1/2 for J0 ∈ [0, 0.1).
The inset shows a portion of the classical phase space of the
map (3), for τ = 0.1, k = 2.5. The dashed lines mark the
position of the initial momenta, corresponding to a uniform
distribution of quasimomenta in [0,1).
ferent quasimomentum classes which are vital to the de-
scription of quantum resonances [5]. In fact, (3) is equiv-
alent to the ǫ–classical standard map developed in [5] to
describe quantum resonance behaviour when τ = 2πl+ ǫ
for the special case where l = 0. Below, we will see that,
in our case, the typically uniform initial distribution of
quasimomenta [5, 6] does not hinder ballistic motion at
the observed resonance as τ → 0.
We now compute the mean energy of an ensemble
of kicked atoms from Eq. (3). Assuming for simplic-
ity an initially flat distribution of p ∈ [0, 1) we have
J0 = τβ0 with β0 uniformly distributed in [0, 1). Since
J = τp, the mean energy of the rotor at time t is given
by 〈Et,τ 〉 = τ−2〈(δJt)2〉/2 , δJt = Jt − J0 . As the ini-
tial conditions in phase space populate mainly the region
close to J0 = 0, we can compute 〈Et,τ 〉 for τ > 0 by means
of the pendulum approximation [12]. The motion is de-
scribed (in continuous time) byHres =
1
2 (J
′)2+τk cos(θ),
with the characteristic time scale for the motion in the
resonant zone tres = (kτ)
−1/2 [12]. We can formally
remove τ from the Hamilton equations, by scaling mo-
mentum into J = J ′/(kτ)1/2 and time into t/tres. This
gives 〈(δJt)2〉 = 〈(J ′t − J ′0)2〉 ≃ kτG, for an ensemble
of orbits started inside the resonant zone. The scaling
function G(x) ≡
√
k
2pi
√
τ
∫ 2pi
0 dθ0
∫√τ/k
0 dJ0J(x, θ0, J0)
2 ≃
1
2pi
∫ 2pi
0 dθ0J(x, θ0, J0 = 0)
2 depends on the variable x =
t(kτ)1/2 and weakly on k and τ , in contrast to the quan-
tum resonant case studied in [5]. In Fig. 1, G is shown as
a function of x. We see that G tends to a level α ≈ 0.7
as x → ∞. This is because G is an average over non-
linear pendulum motions with a continuum of different
periods, and therefore saturates to a constant value when
the argument is larger than ≈ 1. The dependence of G
on τ is negligibly small for τ <∼ 1/k, so that practically,
G can be viewed as a function of the scaling parameter x
alone. We obtain as our final result for the mean energy
〈Et,τ 〉res ≃ τk2τ2G . We can now immediately derive two
interesting limits. Firstly, as we let τ → 0, the argument
of G becomes small, whence G(x) ≈ x2/2 leading to the
expression
〈Et,τ→0〉res = k
2t2
4
. (4)
This describes quadratic growth in mean energy which
occurs as exact resonance is approached. We note again
that in the case of quantum resonances, ǫ-classical the-
ory predicts only linear mean energy growth with kick
number at resonance [5]. The later linear increase is
induced by the contribution of most quasimomentum
classes which lie outside the classical resonance island for
τ = 2πℓ+ǫ (ℓ positive integer). For τ → 0, almost all ini-
tial conditions (or quasimomenta) lie within the principal
resonance island shown in the inset of Fig. 1.
Additionally, as we let τ grow large, G saturates to the
value α giving
〈Et,τ>0〉res ≃ k
2τ
α , (5)
for finite τ > 0 and t2k ≫ 1/τ . Within the stated pa-
rameter range, this result implies dynamical freezing –
the ensemble’s mean energy is independent of kick num-
ber. This phenomenon is a classical effect in a system
with a regular phase space (see inset of Fig. 1). It is dis-
tinct from dynamical localization which is the quantum
suppression of momentum diffusion for a chaotic phase
space. Experimentally, this freezing corresponds to the
cessation of energy absorption from the kicks, similar to
that which occurs at dynamical localization. The freezing
is easily explained as the averaging over all trajectories
which start at momenta close to zero, and move with dif-
ferent frequencies about the fixed point of the map (3).
We now turn to the experimental verification of ballis-
tic growth and dynamical freezing. In our experiments,
we measured the mean energy of an atomic ensemble
as τ was varied and for different kick numbers. De-
tails of our experimental setup may be found in Ref.
[7] and are summarized below. Using a standard six-
beam magneto-optical trap, or MOT [15], we trap and
cool Cesium atoms typically to below 10µK. During an
experiment, the trap is turned off and the atoms are sub-
jected to pulses from an optical standing wave (created
by a 150mW, frequency stabilized diode laser) detuned
500 MHz from the 6S1/2(F = 4) → 6P3/2(F ′ = 5) tran-
sition of Cesium. Pulse durations of τp = 240ns and
320ns were used for our experiments with optical pow-
ers of P = 20mW and 30mW respectively, and the atoms
were subjected to at most 20 kicks. For these parameters,
the effect of spontaneous emission is found to be negli-
gible. The experimental momentum distribution of the
atoms is found from a fluoresence image of the cloud us-
ing the standard time of flight technique [4, 6, 7] and the
mean kinetic energy may be calculated from the second
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FIG. 2: Results from experiments (circles) and classical sim-
ulations (solid line) showing energy vs. τ for k = 2.5 and
t = 3, 4, 5, 6, 7, 8 for Figs. (a,b,c,d,e,f) respectively. The error
bars shown in (a) and (f) correspond to statistical fluctuations
over three experimental shots (they do not take into account
systematic effects such as power fluctuations of the kicking
laser).
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FIG. 3: Data as in Fig.2, for k = 4.9 and t = 3, 5, 7, 12, 16, 20
for Figs. (a,b,c,d,e,f) respectively. The dotted line in (a)
shows the measured energy after just 1 kick.
moment of this distribution. In order to probe the very
narrow resonance predicted above as τ → 0, it was neces-
sary to use very small pulse periods, leading to violations
of the δ-kick assumption. Nonetheless, we found that fi-
nite pulse duration effects were negligible for our results
due to the relatively low kick strengths, kick numbers
and kinetic energies involved. For moderate laser powers
and kicking pulse durations, it is possible to estimate k
using the method employed in Ref. [16]. Here the dif-
ference in energies after one and two kicks was found for
values of τ > 1 where the energy growth is known to
be quasilinear. From the standard δ-kicked rotor theory,
the energy difference is k2/4 [12], allowing k to be de-
termined without precise knowledge of the atoms’ initial
thermal energy.
To predict the correct offset from zero energy of our
measurements, it is still necessary to calculate the stan-
dard deviation σp of the initial experimental momentum
distribution. The calculation of σp requires truncation
of the wings of the experimental momentum distribution
at some momentum so that the second moment calcula-
tion is not ruined by noise in the wings. Since the initial
momentum distribution has considerable non–Gaussian
wings, we inevitably underestimate the value of σp us-
ing this method. We estimate this systematic error to
be less than 20% or 1.5 two-photon recoils for the experi-
mental results presented here. Fig. 2 shows measured en-
ergies (circles) and classical data for a measured value of
k = 2.5±0.1, and various kick numbers. The classical re-
sults are obtained from the dynamics generated by (3) for
a Gaussian initial ensemble of 25000 momenta p = J/τ ,
with 200 uniformly distributed angles each. We have
taken σp = 8.4 for our simulations, and the results can be
compared with the predictions of Eqs. (4) and (5) if the
initial ensemble’s energy is added to the analytic results
(derived above for p ∈ [0, 1)). Allowing for experimental
uncertainties, excellent agreement is found between the
measurements and our classical theory. In particular, a
ballistic resonance peak is seen to exist and, although
the vanishing resonant kicking period itself cannot be
probed, the trend towards quadratic growth is clear in
the data. The resonance is very narrow – much more so
than the quantum resonances for the same parameters.
Specifically, the half width of the τ → 0 peak after five
kicks is ∼ 0.05 whereas that for a quantum resonance
peak for the same value of k would be ∼ 0.4 [5]. The ex-
tremely fast compression of the resonance peak is charac-
teristic of a quantum resonance which would be observed
for a purely plane wave initial condition with momentum
p = 0 at τ = 4π, for instance. Hence, the peak width
observed here shrinks even faster than at the quantum
resonances observed in [6], for which a sub–Fourier peak
width∝ 1/t2 was predicted [5]. This makes the resonance
at vanishing kicking period a sensitive phenomenon with
the potential to be useful for making high-precision mea-
surements. The results in Fig. 2 also demonstrate that
dynamical freezing, i.e., zero net energy gain, is occur-
ring for τ > 0.1 after multiple kicks. To observe this
localization effect more convincingly, we chose a larger
value of k and measured the mean energy of our atoms
for up to 20 kicks. The results, shown in Fig. 3, are for
a measured value of k = 4.9 ± 0.2, with σp taken to be
8 for the simulations. After 20 kicks, for τ > 0.1, the
mean energy of the atoms has not risen above the one
kick level. Again, excellent agreement is seen between
experimental results and classical data. As a final test
we have compared our data with quantum simulations
for k = 4.9, σp = 8. As shown in Fig. 4, the numerics
and experimental measurements agree almost perfectly
within the estimated errors. On closer inspection, a hint
that the classical approximation fails for large τ can be
found in Fig. 4, where the classical data starts to deviate
(very slightly) from the quantum data for larger τ ≥ 1/k.
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FIG. 4: Mean energy vs. τ from experiments (circles), classi-
cal (crosses) and quantum simulations (using a Gaussian ini-
tial ensemble centered at p = 0; solid line) for k = 4.9, σp = 8
and t = 5. Note the excellent agreement between experimen-
tal data and the simulations. The inset shows how the energy
varies with t for τ = 0.2 and the smallest measurable period
τ = 0.034 (corresponding to T = 0.33µs). We also note the
immediate onset of the freezing effect for τ = 0.2, whilst dy-
namical localization would set in on a time scale much larger
than 1 kick for the present kick strength [2].
Above that threshold, the standard map enters the crit-
ical regime, which mainly affects the small subclass of
extremely large momenta in our initial ensemble, lying
outside the principal resonance island. Stronger devia-
tions are expected in this region for very large interac-
tion times (t≫ 10) [5]. The inset in Fig. 4 demonstrates
the regimes of near resonant and off-resonant (frozen) en-
ergy growth more explicitly by plotting the mean energy
against kick number. The curve for τ = 0.034 closely
resembles the structure of the “quasi” scaling function G
from Fig. 1, showing both the initial ballistic growth and
saturation after t ≥ 2/√kτ ≃ 5 kicks.
In conclusion, we have experimentally observed and
theoretically explained the occurrence of ballistic, reso-
nance like transport in the limit of vanishing kicking pe-
riod for a broad initial ensemble of atomic momenta. The
quadratic energy growth at this resonance has been veri-
fied in comparison with the linear growth of mean energy
found at quantum resonance for comparable initial con-
ditions [6, 7]. Away from the ballistic peak, a dynamical
freezing effect, as a consequence of the underlying regular
classical dynamics, has been observed, corresponding to
zero energy-growth rates for up to 20 kicks in our experi-
ment. Both of these phenomena, realized here for the first
time, are of great interest for experimentally controlling
fast (ballistic) and slow (frozen) atomic velocities.
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